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[1] We present a method of directly estimating surface mass anomalies at regional scales
using satellite-to-satellite K-band Ranging (KBR) data from the Gravity Recovery and
Climate Experiment (GRACE) twin-satellite mission. Geopotential differences based
primarily on KBR measurement are derived using a modified energy integral method with
an improved method to calibrate accelerometer measurements. Surface mass anomalies are
computed based on a downward continuation process, with optimal regularization
parameters estimated using the L-curve criterion method. We derive the covariance
functions in both space- and space-time domains and use them as light constraints in the
regional gravity estimation process in the Amazon basin study region. The space-time
covariance function has a time-correlation distance of 1.27 months, which is evident that
observations between neighboring months are correlated and the correlation should be
taken into account. However, most of the current GRACE solutions did not consider
such temporal correlations. In our study, the artifact in the regional gravity solution is
mitigated by using the covariance functions. The averaged commission errors are estimated
to be only 6.86% and 5.85% for the solutions based on the space-covariance function (SCF)
and the space-time covariance function (STCF), respectively. Our regional gravity solution
in the Amazon basin study region, which requires no further post-processing, shows
enhanced regional gravity signatures, reduced gravity artifacts, and the gravity solution
agrees with NASA/GSFC’s GRACE MASCON solution to about 1 cm RMS in terms of
water thickness change over the Amazon basin study region. The regional gravity solution
also retains the maximum signal energy while suppressing the short wavelength errors.
Citation: Tangdamrongsub, N., C. Hwang, C. K. Shum, and L. Wang (2012), Regional surface mass anomalies from GRACE
KBR measurements: Application of L-curve regularization and a priori hydrological knowledge, J. Geophys. Res., 117, B11406,
doi:10.1029/2012JB009310.

1. Introduction
[2] NASA/DLR’s Gravity Recovery And Climate Experiment (GRACE) is a satellite mission for the recovery of
the Earth’s time-varying gravity field. Several data centers in
the world provide GRACE time-varying gravity field data
products for a wide range of applications at the global scale,
and at one-month or as fine as at one-day temporal scale
[Kurtenbach et al., 2009]. When using the global gravity
products (Stokes coefficients) of GRACE, a post-processing
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is required to remove or reduce geographically correlated
high-frequency noises (or stripes) [Wahr et al., 1998; Swenson
and Wahr, 2006; Duan et al., 2009; Guo et al., 2010]. Such
post-processing, depending on the signals to be studied, and
decorrelation and smoothing parameters used, may lead to
signal distortion and loss of spatial resolution, which then
result in false interpretations of the gravity signal. In addition,
the Level 2 data product (Stokes coefficients) has a prescribed
spatial resolution, at present, maximum at degree 60 or 120,
depending on the GRACE data center. Away from the equatorial region and towards the poles, GRACE data density
increases because the satellite coverage converges near the
poles. This leads to the varying spatial resolution of GRACE
over the globe, and various techniques of regional gravity
solutions of GRACE have been proposed to extract gravity
signals of local interest with higher resolution and potentially
improved accuracy [Jekeli, 1999; Cheng, 2002; Han et al.,
2003; Mayer-Gürr, 2006; Chen, 2007; Weigelt, 2007;
Schmidt et al., 2006, 2008].
[3] Our regional GRACE gravity solution uses satellite-tosatellite range-rate (RR) measurements of KBR and auxiliary
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data (e.g., GPS orbit, accelerometer data, attitude data) as
observations for the inversion. There are two steps in the
regional gravity solution. The first step is to estimate the
geopotential difference between the satellites from the RR
measurements between the GRACE satellites A and B, which
is then used to estimate surface mass variation in the second
step. Surface or subsurface mass variation contributes to the
variation of the geopotential, and can be converted in terms
of surface mass change as the equivalent water height (EWH)
[Wahr et al., 1998], in such applications as hydrology
[Ramillien et al., 2004; Chen et al., 2005; Güntner, 2008],
Antarctic ice-shelf ocean tide modeling [Han et al., 2005b],
ice sheet mass balance and snow accumulation rates [Matsuo
and Heki, 2010; Tangdamrongsub et al., 2011], earthquake
coseismic deformation observations [Chen et al., 2007], sea
surface anomaly [Tregoning et al., 2008], ocean bottom
pressure change or ocean mass variations [Bingham and
Hughes, 2006; Wouters and Chambers, 2010]. A widely
used method for estimating geopotential differences from
KBR measurements is the method of energy integral [Jekeli,
1999]. For the reasons of simplicity and computational efficiency, in this paper we will adopt a modified energy integral
method with an extensive calibration for accelerometer measurements. The accelerometer calibration is based on the
methods of Kim [2000] and Han et al. [2006]. The calibration
is inevitably needed to remove the accelerometer errors, which
are modeled in equation (A1) and contain scale, bias and drift.
Such a model error is also used by Weigelt [2007], who shows
significant errors in the estimated gravitational potential if the
calibration is not applied.
[4] The potential of the satellite (A or B) is the quantity used
to estimate the surface mass anomaly. In the case of GRACE,
the potential is estimated from the RR measurements and
auxiliary data (see Section 2). A more rigorous way to estimate
the potential from RR is first to obtain the partial derivative
of RR with respect to the potential, which is then used to
build the design matrix for estimating the potential. Such a
partial derivative can be obtained by first integrating the
variational equations of the satellite [Montenbruck and Gill,
2000], and then applying the chain rule of differentiation
between satellite position/velocity and the potential. Integration of the variational equations requires a significant
computing resource and a robust numerical integrator. On the
other hand, the energy integral expresses analytically the
relationship between potential and satellite position/velocity.
This expression can be used to derive the needed partial derivative. Although the use of the energy integral requires GPSderived velocity and position of the satellite (see Section 2), the
cost of using such a GPS result is less than the cost of using
variational equations. In addition, the energy integral has been
used in many publications, e.g., Han et al. [2006], Weigelt
[2007], Ramillien et al. [2011], and has delivered promising
results. Note that the energy integral contains certain approximations. However, because this method is applied to the estimation of the time-varying gravity signal, which is small
compared to the static gravity field, the effect of approximations
is significantly reduced, and as a result negligible in this study.
[5] In the second step, the geopotential difference is
expressed as a function of surface mass anomalies. Several
such expressions have been proposed, e.g., the direct Newtonian representation [Torge, 2001; Han et al., 2005a], the
representation by spherical spline [Eicker, 2008] and the
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representation of spherical harmonic decomposition
[Rowlands et al., 2010]. Again, for simplicity and efficiency
we will use the direct Newtonian representation (Section 3),
which downward-continues geopotential differences from
satellite altitude to sea level. In the downward continuation,
the noise in geopotential differences will be amplified and a
regularization method is needed to reduce the noise amplification. Examples of regularization methods applied to
GRACE gravity recovery are those based on variance component [Koch and Kusche, 2002], reproBIQUUE [Schaffrin,
2008], updated covariance functions [Han et al., 2005a]. A
simplified method is to use a Tikhonov regularization
[Tikhonov and Arsenin, 1977] with an optimal regularization
parameter estimated from the L-curve criterion [Hansen and
O’Leary, 1993]. The L-curve criterion is an empirical method
that is used to search for the point that the residual norm is
minimized in the way that the solution maintains the best
quality. Alternative methods such as the generalized cross
validation (GCV) can be used to meet this requirement.
However, Save [2009] has shown that the GCV always produced values of one order magnitude larger than what was
achieved using the L-curve criterion. In fact, the degree of
smoothness in the estimated geopotential increases with the
regularization parameter. Use of a large regularization
parameter often results in a smooth field of geopotential that
loses most of the gravity signature. In addition, the L-curve
criterion has been shown to be able to optimize the regularization parameter [Save, 2009; Ramillien et al., 2011].
[6] Another tool to stabilize the downward continuation is to
use a priori information of the unknown parameters. In the case
of time-varying gravity on land, a global land hydrology model
such as Global Land Data Assimilation System (GLDAS)
[Rodell et al., 2004] can serve such a need. Examples of using
the global time-varying covariance function to improve the
global GRACE solutions is given by Rowlands et al. [2005],
Kurtenbach et al. [2009] and Sabaka et al. [2010]. In the statistical literature, a priori knowledge can be represented and
used in many forms. One form is based on a priori covariance
functions of the underlying parameters [Tscherning and Rapp,
1974; Torge, 1989]. In this paper, we will construct the spacedomain covariance function (SCF) and the space-time covariance function (STCF) of time-varying gravity to investigate
the impacts of such functions in enhancing regional GRACE
solutions.
[7] In the following development, a detailed description of
the geopotential difference estimation from in situ, calibrated
GRACE measurements will be given, followed by the model
of surface mass anomalies estimation from geopotential
differences. The method for finding the optimal regularization parameter based on the L-curve criterion will be presented, followed by the constructions of the SCF and STCF
using GLDAS model values. Finally, we will present a case
study over the Amazon to assess our methods and to show
the improvement of our regional gravity solution over
existing solutions in preserving important gravity signatures
and reducing data noises.

2. Gravitational Potential Differences
From Range Rate of GRACE
[8] Here we summarize the method to compute the gravitational potential differences from the KBR measurements
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of GRACE. The theories are largely based on Jekeli [1999]
and Han et al. [2006]. First, the total acceleration (€r) acting
on a satellite can be expressed as
€r ¼ rV þ a
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total) are estimated using the observation equation in
equation (4), which is also subject to the constraint
rot
diss
GðaÞ ¼ VAB  Ekin
AB  EAB þ EAB þ CABð0Þ ¼ 0

ð1Þ

ð5Þ

where V is a gravitational potential, a is a non-gravitational
acceleration vector [Seeber, 2003], r is a gradient operator,
r = (r1 r2 r3)T is the satellite coordinate vector in inertial
frame and r_ ¼ ðr_ 1 r_ 2 r_ 3 ÞT is the satellite velocity vector
in inertial frame. Multiplying equation (1) by r_ (here multiplication means the inner product of two vectors; this also
applies to the products of two vectors below) and integrating both sides of equation (1) from epoch t0 to t leads to
[Jekeli, 1999]

[10] The 7 parameters are contained in the vector a =
[(r1)AB (r2)AB (r3)AB (r_1)AB (r_2)AB (r_3)AB VAB]T. Given
approximate values of these 7 parameters (so that a = a0 +
Da: a0 is a vector containing a priori values of the parameters to be estimated and Da is its correction vector), the
linearized observation equations is

1
V ¼ Ekin þ Erot  Ediss  C0 ¼ jr_ j2  we ðr1 r_ 2  r2 r_ 1 Þ
2
Z t

a  r_ dt  C0

Unlike the method used by Han et al. [2006], we regard the
constraint as an observation with a small variance [Koch,
1987]. Use of this approach leads to a simplified solution
for the least-squares estimation with constraints. The observation equation based on the constraint in equation (5) is

ð2Þ

t0

where Ekin is the kinetic energy, Erot is the energy due to the
Earth’s rotation, Ediss is the dissipation energy, we is the
angular velocity of the Earth’s rotation and C0 is an integration constant. For GRACE, the non-gravitational acceleration
vector (a) is measured by the onboard accelerometers. The
accelerometer measurements of GRACE contain instrument
errors in the satellite reference frame (SRF) and such errors
should be removed before use [Kim, 2000]. Appendix A
shows the detail of the procedure to estimate the accelerometer parameters.
[9] In the case of GRACE, the gravitational potential difference between the GRACE satellites A and B is sought.
Applying equation (2) to the A and B satellites, we have
rot
diss
VAB ¼ Ekin
AB þ EAB  EAB  CABð0Þ
1
¼ jr_ AB j2 þ jr_ A jjr_ AB j
2
 we ½ðr1 ÞAB ðr_ 2 ÞA  ðr2 ÞA ðr_ 1 ÞAB þ ðr1 ÞB ðr_ 2 ÞAB
 ðr2 ÞAB ðr_ 1 ÞB 
Z t

ðaB  r_ B  aA  r_ A Þ dt  CABð0Þ

c ¼ KDa  G0

ð6Þ

ð7Þ

where e and c are residuals associated with equations (4)
and (5), respectively. J and K are the design matrices of
the observation and constraint equations, respectively while
DL and G0 are accordingly residuals. Their expressions are
as follows
DL ¼ r_ AB  FðrAB ; r_ AB ; VAB Þja¼a0

ð8Þ

G0 ¼ Gja¼a0

ð9Þ





∂F ∂F ∂F 
∂F ∂F

¼
0
∂rAB ∂_rAB ∂VAB a¼a0
∂rAB ∂_rAB a¼a0

ð10Þ


J¼


∂G 
K¼
∂rAB 0


ð3Þ

t0

where the subscript AB expresses the relative quantity (or
vector) between satellites A and B, and CAB(0) is the equation constant. The value of CAB(0) can be determined during
the accelerometer calibration process, and the value is
updated every day (see Appendix A). The primary observations for gravity modeling of GRACE are the line-of-sight
(LOS) range rates. An LOS range rate observation is the
projection of the relative velocity vector of A and B on the
LOS direction, i.e.,
r_ AB þ e ¼ FðrAB ; r_ AB ; VAB Þ ¼ ðr_ AB ÞT eAB

e ¼ JDa  DL

ð4Þ

where eAB = rAB/|rAB| is a unit vector along LOS, rAB is the
relative position vector and e is the residual. For each epoch
of GRACE observations, the 6 parameters in rAB, r_ AB and
the gravitational potential difference VAB (7 parameters in


∂G 
∂_rAB 0

 
∂G  
∂VAB 0 a¼a0

ð11Þ

In practice, G0 is the misclosure when the approximate
values of the parameters would be nearly zero when the
parameter estimation is completed. Also, c is nearly zero
because of the use of small variance. The design matrices J
and K are computed by separately differentiating the
observation and the constraint with respect to the relative
position, relative velocity, and gravitational potential difference at each epoch. Because a KBR observation does not
contain explicitly the VAB term, the corresponding partial
derivative in the design matrix J is zero. Because we have
one observation in equation (6) and one constraint in
equation (7), it is impossible to estimate the 7 parameters. To
overcome this problem, we regard the six components in the
GPS-derived relative position and velocity vectors between
the GRACE satellites A and B as “pseudo observations”,
and the corresponding observation equations are
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where ϵx is a residual vector of the pseudo observations, Ix is
a 6x6 identity matrix (see also below) and Lx = ax  ax|0.
ax and ax|0 are vectors containing the pseudo observations
(from GPS, and remains unchanged during the parameter
estimation) and their initial values, respectively. In the first
iteration, the two vectors will be equal and Lx will be zero
(that is, we take the pseudo observations as the first initial
values). In later iterations, ax|0 will be updated and not equal
to ax. The additional vector ax simply contains the relative
positions and velocities of the GRACE satellites (6 parameters). The combined observation equations are
2

3 2 3
2
3
J
DL
e


 ¼ 4 ϵx 5 ¼ 4 Ix 5Da  4 Lx 5 ¼ ADa
L
V
c
K
G0

ð13Þ

We can treat the constraint as an observation with a small
error variance [Koch, 1987], and the weight matrix for the
 in equation (13) is
observation vector L
 ¼ diag
P

1

;

1

;

1

;

1

s2KBRR ðsr Þ2A þ ðsr Þ2B ðsr_ Þ2A þ ðsr_ Þ2B s2VAB

;

!
1
s
ð14Þ

where s is a small error variance associated with the constraint equation. In this paper, the use of s = 1020 leads to
satisfactory results. The standard errors (s’s in equations (14))
values associated with the measurements are based on the
orbit errors of GRACE. In this paper, we used the starting
values of sKBRR = 107 m/s, ðsr ÞA ¼ ðsr ÞB ¼ 102 m,
ðsr_ ÞA ¼ ðsr_ ÞB ¼ 105 m/s and sVAB = 10 m2/s2, based on the
analysis by Jekeli [1999] and by Wu et al. [2006]. The use of
a large value of sVAB implies that the parameter VAB is
unknown. The least-squares solution of equation (13) is

1
 TP
 TP

A
L

^ ¼ A
A
Da

ð15Þ

^ obtained, a new approximate vector of parameters is
with Da
^ for the next round of parameter
given by a ¼ a0 þ Da
estimation. The iteration can be terminated when the absolute
^ are smaller than some threshold
values of the elements in Da
values. For example, with a threshold value of the gravitational potential difference of 105 m2/s2, convergence is
achieved in about 5 iterations. For comparison, the solutions
(a) from equation (15) matches the solution computed by the
method of Han et al. [2006] (equation (A5)) to approximately
105 m2/s2 (RMS difference).
[11] According to Kim [2000] and Han et al. [2006], the
VAB as estimated from the above procedure may still contain
systematic errors from the KBR measurements. In this paper,
such systematic errors are assumed to take the form
^ AB ¼ p0 þ p1 t þ p2 cosðwtÞ þ p3 sinðwt Þ þ p4 cosð2wt Þ
DV
e

þ p5 sinð2wt Þ

ð16Þ

where w is the frequency of one cycle per revolution (CPR)
of the satellite around the Earth (in about 5400 s). Each leastsquares estimation of the parameters was made using data in
one satellite revolution (about 90 minutes). The parameters
p0, p1, p2 and p3 were estimated every one cycle while p4
and p5 were estimated every half cycle (i.e., one set of p4 and
p5 is assigned for half revolution). The corrected gravitational
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^AB  DV
^ e , where
AB ¼ V
potential difference is obtained as V
AB
^AB is from the solution of equation (15).
V

3. Surface Mass Anomalies Inversion
From Geopotential Differences
[12] The time-varying gravitational potential differences
from Section 2 include the effects of multiple geophysical
signals. In this paper, the targeted signal is the mass changes
resulting from the variations in the terrestrial hydrology.
With other sources removed, the Earth’s time-varying
gravitational potential difference (geopotential difference)
due to the land hydrology change (Thydro
AB ) is
temp
ref

Thydro
AB ¼ V AB  UAB  DVAB

ð17Þ

where Uref
AB is the reference field of the geopotential difference, and DVtemp
AB contains the contributions to gravitational
potential differences from N-Body, ocean tide, solid Earth
tide, atmosphere and ocean barotropic response, and solid
Earth pole tide. In this study, 8 major tidal harmonic constituents from the FES2004 model [Desai and Yuan, 2006]
plus the long-period tides are used to model the ocean tide
perturbation. Here, minor or resonant tides, or the ocean pole
tide effect is not considered. The reference field is adopted to
be the GGM03S gravity model [Tapley et al., 2007]. As our
solution will be compared with the JPL solution later in this
paper, the background fields used are relevant to the ones
JPL solution used [Watkins and Yuan, 2007]. Because the
post-glacial rebound [Paulson et al., 2007] has a relatively
small or negligible effect over the Amazon, we decided not
to include it in our solution. Other corrections such as the
geocenter correction is also negligible over the Amazon and
thus is not applied in this study. In this paper, we adopt the
temp
models listed in Table 1 to account for Uref
AB and DVAB .
Note that, it is not necessary to remove the non-tidal oceanic
baroclinic contribution if we are after mass changes over
oceans.
[13] All needed measurements in this paper such as KBR
measurements (KBR1B), satellite positions and velocities
(GNV1B), accelerometer measurements (ACC1B), satellite
attitude measurements (SCA1B), are provided by the
GRACE data center, i.e., as part of the GRACE Level-1B
(L1B) package from: ftp://podaac-ftp.jpl.nasa.gov/allData/
grace/. GNV1B precise ephemeris orbit is an improved version of GNI1A orbit, where the trajectories near the starts and
ends of the daily arcs are smoothed to avoid the jump, and the
orbit accuracy is about a few centimeters [Wu et al., 2006].
[14] The geopotential change due to land hydrology can
be used to estimate the surface mass change as follows. First,
the geopotential Τ due to the mass coated over a thin layer of
the Earth’s surface can be expressed as [Torge, 2001]
Z
Tðq; l; t Þ ¼ Gr

2p

l¼0

Z

p

1 2
R hðq; l; t Þ sin q dqdl
q¼0 l

ð18Þ

where G is Newtonian constant (we adopt G = 6.673 
1011 m3 kg1 s2 in this paper), l is the distance from
the a differential mass of the layer to satellite, r is the
mean density of the mass, h is the surface mass anomaly
expressed in thickness of the mass layer [Wahr et al., 1998],
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Table 1. Models of Gravity Effects on GRACE-Derived Geopotential Differences
Gravity Effect
Gravity field
Solid Earth tide
N-Body perturbation
Ocean tide
Atmospheric and non-tidal oceanic
mass variability
Solid Earth pole tide

Adopted Model

Reference

GGM03S to degree and order 180
IERS convention 2003
Planetary ephemerides, DE405
Major constituents from the FES2004 ocean model,
and expand to degree and order 90
Atmosphere and ocean de-aliasing (AOD1B)
products to degree and order 100
IERS convention 2003

Tapley et al. [2007]
McCarthy and Petit [2004]
Standish [1998]
Lyard et al. [2006],
Desai and Yuan [2006]
Flechtner [2007]

R is the mean earth radius, q is the co-latitude and l the
longitude. The values and meanings of r and h depend on the
type of surface mass to estimate. For example, if we attempt
to estimate the surface mass change caused by land hydrology, we will have r ≈ 1000 kg/m3 and h refers to equivalent
water thickness. Removing the long wavelength component
of the geopotential (Τlong) and discretizing the integration for
data given on a regular grid, we can model the contribution of
the regional hydrological due to the geopotential change as
Treg ðq; l; tÞ ¼ T  Tlong

q  
X
1 2
R hi ðq; l; t Þ sin qi DqDl
¼ Gr
i
l
i¼1

ð19Þ

where i is the “bin” number, q is the total number of bins, Dq
and Dl are the intervals of the bin in co-latitude and longitude. For monthly gravity solutions, hi(q, l, t) is the averaged
thickness at the averaged time t of the month. The geopotential difference due to changes
in the land hydrology


hydro
hydro

T
between the A and B satellites TAB ¼ Thydro
is
B
A
Thydro
AB ðrB ; qB ; lB ; rA ; qA ; lA ; t Þ ¼ Grw

q 
X
1
i¼1

lBi




1 2
R hi sin qi DqDl
lAi

the Earth’s surface, is attenuated by a factor of (r/ae)n in the
frequency domain (in the sense of spherical harmonic
expansion), where r, ae and n are satellite’s distance to the
geocenter, semi-major axis of the reference ellipsoid, and
degree of the associated Legendre function [Seeber, 2003].
Therefore, recovering surface mass anomalies from geopotential differences based on equation (20) is a downward
continuation problem and therefore an ill-conditioned problem. Several techniques can be used to stabilize an illconditioned problem. In this paper, we used a regularization
technique presented below to reduce the ill-condition in the
surface mass anomaly solution from GRACE. The solution
is formulated as follows. First, the observation equations
from equation (20) are
ϵ ¼ Ax  y; P ¼ s2 S1



12

lji ¼ R2 þ rj2  2Rrj cos yij ; j ¼ A; B

ð21Þ

cos yij ¼ cos qi cos qj þ sin qi sin qj cos li  lj ; j ¼ A; B ð22Þ

Equation (20) can be used to set up observation equations to
estimate surface mass anomalies from the observations of
geopotential differences. More details will be given in
Section 4.

4. Regularization Solution of Surface Mass
Anomalies Using the A Priori Covariance
Function and the L-Curve Criterion

ð23Þ

where ϵ is a residual vector, A is the design matrix, x is the
parameter vector to be estimated and y is the observation
vector. S, s2 and P are the error-covariance matrix, errorvariance and weight matrix of the geopotential differences
from Section 3. With a priori surface mass anomalies,
pseudo observations equations are set up as

ð20Þ

where hi = hi(q, l) is the average of the surface mass anomaly, rw is the density of water and

McCarthy and Petit [2004]

ϵx ¼ Ix x  x0

ð24Þ

where ϵx is a residual vector, Ix is the identity matrix associated to the parameter x, and the vector x0 contains a priori
value of the parameter in x. The target function to find x is
fðxÞ ¼ kAx  yk2P þ l2 kx  x0 k2Px ¼ ϵΤ Pϵ þ l2 ðx  x0 ÞΤ Px ðx  x0 Þ

ð25Þ

where Px is the weight matrix of the a priori parameters and
l2 is a scale factor to balance the weights between the
observations and the a priori knowledge. In this paper, Px is
estimated as Px = C1
x , where Cx is the covariance matrix
derived from some a priori information. The estimation of
Cx will be elaborated in Section 5. By minimizing the target
function, the solution of equation (25) is

[15] At the satellite altitude of GRACE, the surface mass
anomaly-induced potential change, which originates from
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x ¼ AT PA þ l2 Px

1

AT Py þ l2 Px x0

ð26Þ
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In equations (25) and (26), l2 is also regarded as a regularization parameter, which plays a critical role in stabilizing
the solution and balancing the covariance matrices of the
observations and the a priori parameters. In the geodetic
literature, estimating l2 is known as estimation of variancecovariance component [Koch and Kusche, 2002].
[16] In this paper, we adopt the technique of Hansen and
O’Leary [1993] to estimate l2. This technique is based on
the L-curve criterion, which is named because of the
appearance of the L-shape when plotting ɛ = ‖x  x0‖Px2
against g = ‖Ax  y‖2P in log scale. The value of l2 that
produces the vertex of the curve “L” is chosen as the best
regularization parameter of the solution. The optimal value
of l2 also produces the maximum curvature k(l2) that can
be computed using ɛ ¼ logðɛ Þ and g ¼ logðg Þ as follows
ɛ′ g″  ɛ″ g′
k l2 ¼  h
i3
2
2 2
ðɛ′ Þ þ ðg′ Þ

ð27Þ

where ɛ′ , g′ and ɛ″ , g″ , are the first and second derivatives
respected to l2 of ɛ and g, respectively.
[17] In many cases, the L-curve may contain several corners. Within a short time period, this makes it difficult to
identify the search area of the desired vertex. To assist the
search and reduce the computational time, a priori value of
l2 is needed. In this paper, the initial guess of l2 is obtained
from the ratio between the variance of the observations and
the variance of the a priori information, i.e., l20 ¼ s2 =s2x .
More details on searching for the best regularization
parameter using the L-curve criterion can be found in
Hansen and O’Leary [1993].

[19] In the following development, we also need the timevarying gravity harmonic coefficients from the global surface mass variation and these are determined as [Wahr et al.,
1998; Hwang and Kao, 2006]
 nm
dC

d S nm

¼

3rw ð1 þ kn Þ
4pRrave ð2n þ 1Þ
 nm ð cos qÞ
P

Z2p Zp
Dsðq; lÞ
l¼0 q¼0

cos ml

sin qdqdl

sin ml

ð28Þ

where Ds(q, l) is the change of the surface mass (expressed
 nm is the fully normalas thickness) at a specific location, P
ized associated Legendre functions, rave is the average
density of the Earth (5517 kg/m3), and kn is the load Love
number of degree n. Because surface mass anomalies are
given on a 1  1 grid, the FFT-based discrete formula of
equation (28) [Hwang and Kao, 2006] is used to determine
the coefficients. Because the hydrology data over the
oceans are not provided by the GLDAS model, the values of
Ds(q, l) are set to zero over the oceans.
5.2. The Space and Space-Time Covariance Functions
[20] In this paper, we constructed a space covariance
function (SCF) and a space-time covariance function (STCF)
for the regional gravity solution of surface mass anomalies
from GRACE (see Section 4). Both functions were determined by two methods as follows. In the first method, called
the globally averaged method, the SCF was expanded into a
series of Legendre polynomials as
Lmax
X

C ðyÞ ¼

5. Estimating Covariance Functions of Surface
Mass Anomalies From Hydrological Model
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cn Pn ð cosyÞ

ð29Þ

n¼Nmax þ1

5.1. The Hydrological Model for Modeling
Covariance Functions
[18] In Section 4, we formulated the solution that requires
the covariance matrices of a priori surface mass anomalies.
Here we adopt the GLDAS hydrological model [Rodell et al.,
2004] to estimate a priori surface mass anomalies and determine relevant covariance functions that are in turn used to
compute the covariance matrices. The GLDAS model has
been widely used to validate surface mass anomalies derived
from GRACE [Syed et al., 2008; Rodell et al., 2009]. GLDAS
is based on all available fields such as those from the Global
Data Assimilation System (GDAS), Goddard Earth Observing
System (GEOS), and the European Centre for Medium-Range
Weather Forecasts (ECMWF). In this study, we obtained
three-hour and one-month products of GLDAS-1 (NOAH) (on
a 1  1 grid) in 2005 from the Hydrology Data and Information Services Center (HDISC). Note that, the three-hour
product is used only in the simulation process described in
Section 6, whereas the one-month product is used for estimating the covariance functions. The surface mass anomalies
of GLDAS are determined using the combination of 4 layers
of soil moisture and one layer of snow water equivalent. We
first formed the one-year averages on the 1  1 grid, and
then computed the surface mass anomalies by subtracting the
averages from the monthly values.

where Lmax is the maximum degree of expansion, and Nmax
depends on the size of the region, cn is the degree variance
defined as
cn ¼ A2n

n 
X

 þ d S
dC
nm
nm
2

2



ð30Þ

m¼0

with
An ¼

arave 2n þ 1
3rw 1 þ kn

ð31Þ

Lmax is governed by the spatial sampling interval, and is
normally set to 180 /Dj, with Dj being the given grid
interval [Seeber, 2003]. For a region of 45 as the Amazon
for the case study in this paper, we set Nmax = 360 /45 = 8.
Because the global gravity harmonic coefficients are used in
this method (equation (30)), the resulting covariance function
is known as a globally averaged covariance function.
[21] In the second method, an SCF is determined numerically from the gridded values in the region as follows
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C yi;j ¼

N
1X
Dy
Dy
≤ yi; j ≤ y þ
fi fj ; y 
N i;j
2
2

ð32Þ
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where fi and fj are two surface mass anomaly values on two
grid points separated by the spherical distance yi,j, N is the
number of such pairs and Dy is an interval range. In this
paper, we used the computer program EMPCOV [Tscherning
and Rapp, 1974] (program available at http://www.gfy.ku.
dk/cct) to compute C(yi,j). This type of covariance function
is known as an empirical covariance function. The covariance values were then least-squares fitted by the exponential
function


y
C ðyÞ ¼ exp c1 
L

ð33Þ

where c1 and L are the scale parameter and correlation length
of the covariance function [Moritz, 1980]. The parameter c1
can be used to estimate the variance as s2x ¼ expðc1 Þ.
[22] Like the SCF, a globally averaged STCF at a time
separation of Dt can be expanded into a series of Legendre
polynomials with time-dependent coefficients as
C ðy; Dt Þ ¼

L max
X

cn ðDt ÞPn ð cosyÞ

ð34Þ

n¼N max þ1

Here cn(Dt) is a time dependent degree variance and the
derivation details are described in Appendix B. The term
cn(Dt) is expressed as follows
cn ðDt Þ ¼ A2n

n
X

 nm ðt Þd C
 nm ðt þ DtÞ þ d S nm ðt Þd Snm ðt þ Dt Þ
½d C

m¼0

ð35Þ

[23] In the case of an empirical covariance function, an
STCF is determined numerically using
C yi;j ; Dt ¼

N h
i
1X 1 X
ft1 ðq; lÞi  ft2 ðq; lÞj
t t N i;j

ð36Þ

where N and t are the numbers of products in space and
time, respectively, and t1 = t, t2 = t + Dt. Again, we leastsquares fit the empirical STCF by an exponential function as


y Dt
C ðy; Dt Þ ¼ exp c1  
L T

ð37Þ

where L and T are the correlation lengths in space and time,
respectively. The latter will be called temporal distance in
this paper. Again, the variance is computed as exp(c1).
5.3. Characteristics of Covariance Functions
From GLDAS
[24] We used monthly surface mass anomalies from
GLDAS (Section 5.1) to compute the SCF and the STCF by
both methods. For short, the results from the first and second
methods are called the globally averaged and empirical
covariance functions, respectively for both the cases of SCF
and STCF. The globally averaged function, derived from
equations (29) and (34), is to examine whether it can be
employed in the regional gravity solution when no appropriate a priori surface mass anomalies are available in a given
region of the world to estimate regional covariance functions.
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The empirical SCF is computed from products of pairs separated at Dy ≈ 1 (equation (32)), while the empirical STCF
is computed using the same spherical separation and additionally a time separation of Dt ≈ 1 month (see equation (36)).
To reduce the bias that may originate from GLDAS, the
covariance functions are normalized first and then scaled by
the regularization parameter (l2), which is estimated using
the L-curve criterion (Section 4). As an example, the SCF and
the STCF over the Amazon (a region of 45 in latitude and
longitude) are shown in Figures 1 and 2, respectively.
[25] Figure 1 shows that the patterns and correlation
lengths of the SCFs from the globally averaged and empirical
methods are quite similar. In theory, both functions can be
used for the regional gravity solution since the scale of the
covariance matrix will be re-estimated again by the L-curve
criterion. However, the variances based on the globally
averaged SCFs are smaller than those from the empirical
SCFs. This may lead to a wrong estimated value of l20. Also,
the globally averaged SCF shows different phases from the
empirical one (the peaks of the former occur in March and
September). Because the phase differences will affect the
estimation of surface mass anomalies and the empirical
covariance function reflects better the variability of the
regional hydrology, the empirical function should be the first
choice, unless it is not available.
[26] From Figure 2, the empirical STCF is also preferred
because the globally averaged function shows much smaller
variance and wider ranges in both spherical and temporal
distances compared with the empirical function. Unlike the
SCF case, although the amplitude of the covariance matrix can
be adjusted using the L-curve criterion, large separations in
both space and time domains will result in over-smoothness of
the solutions. Again, it is preferred to use the empirical function in a regional gravity solution.
[27] The parameters in equations (33) and (37) for the
empirical SCF (c1, L) and the STCF (c1, L, T) were estimated
and the values are given in Table 2. For the empirical STCF,
we need only to estimate one set of parameters, which are valid
only for the underlying time span. The variance of the SCF
varies from one month to another. In general, the correlation
length depends on the magnitude of surface mass anomalies
and month. The correlation length of the STCF in space is
close to that of the SCF, i.e., about 3 . The correlation length in
time of the STCF is longer than one month. This suggests that
the variability of the surface mass anomalies in a month is
correlated to the neighboring months. With the use of the
STCF in the regional GRACE solution, such a time correlation
is taken into account and will improve the solution (demonstrated below).

6. Verification of the Method and Software
of Regional Gravity Solution
[28] Using simulated KBR data of GRACE, here we verify
the method and the software of regional gravity solution
developed in this paper, and point out the commission error
in the method itself. A case study using real GRACE data
over the Amazon will be given in Section 7. The simulation is
summarized as follows.
[29] 1. Surface mass anomalies at the 3-hour interval from
GLDAS in 2005 are converted to time-varying spherical
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Figure 1. Space covariance functions (SCF) derived from GLDAS over the Amazon based on (top) the
globally averaged and (bottom) the empirical methods.
harmonic coefficients using equation (28) with the maximum
expansion degree of 180.
[30] 2. The positions and velocities of the GRACE satellites A and B are computed by integrating the equations of
motion using the software given by Hwang [1998]. The
gravity field used in the equations of motion is the combination of GGM03S (the static part) and the time-varying part
from Step 1. Daily orbits are computed, with the daily initial
state vectors taken from the GNV1B orbits at the midnight
(0 hour UTC) of the day. In total, 365 daily arcs in 2005 are
generated.

[31] 3. The RR observations are generated using equation (4)
and the standard error e in equation (4) is 0.1 mm/s level.
[32] 4. The geopotential differences between the GRACE
satellites A and B at a 60-s interval are computed using the
method in Sections 2 and 3.
[33] 5. Surface mass anomalies over the Amazon from the
geopotential differences using the method in Section 4 are
estimated, based on the L-curve regularization and both the
empirical SCF and STCF.
[34] In Step 4, the vector x0 is set to zero. This implies that
only light a priori information from GLDAS, i.e., the
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Figure 2. Same as Figure 1 but for space-time covariance functions (STCF).
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Table 2. Variance Parameter (c1) and Correlation Length in Space
(L, in Arc-Degree) and Time (T, in Month)
c1
January
February
March
April
May
June
July
August
September
October
November
December

L

T

Space Covariance Function (SCF)
3.35  0.07
3.07  0.29
3.15  0.07
2.99  0.27
3.22  0.07
3.03  0.26
2.90  0.04
2.46  0.15
2.67  0.04
2.33  0.14
2.58  0.05
2.41  0.16
2.82  0.06
2.87  0.23
2.96  0.07
3.17  0.30
2.98  0.07
3.13  0.29
2.96  0.06
2.89  0.23
2.73  0.06
2.86  0.23
2.83  0.07
2.89  0.26
Space-Time Covariance Function (STCF)
3.24  0.13
2.90  1.75

1.27  0.45

covariance functions (Section 5), is used in our simulation
solutions. Further analyses on the impact of the vector x0 will
be given in Section 7, where the details about formations of
normal equations and finding optimal regularization parameters will be also discussed.
[35] For error assessment, the following relative errors
sRel
RMS are computed
sRel
RMS ¼

^x SIM  xGLDAS RMS
ðxGLDAS ÞRMS

ð38Þ

where xGLDAS is the “true” surface mass anomaly from
GLDAS and ^
x SIM is the estimated one from the simulation.
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The relative error of every solution in percentage in 2005 is
shown in Figure 3. The statistics of the commission errors in
both cases are given in Table 3. On average, the commission
error in the STCF case is 1.00% smaller than that in the SCF
case. The largest errors in the SCF and STCF cases occur in
January and June, respectively. The STCF-based solutions
show smaller errors compared with the case of SCF. This is
because the surface mass anomalies over the same basin do
not suddenly change from one month to the next month,
which is seen from the temporal distance in Table 2. Therefore, the STCF assists our method to inter-connect the surface
mass anomalies not only in the space but also in the time
domain, leading to smaller relative errors (compared with the
case of SCF). Because the gravity signatures in January, June
and July are small, slight perturbations due to data noises will
result in large errors in the solutions. This is why the commission errors in January, June and July are larger compared
with other months.

7. Result of a Case Study Over the Amazon
7.1. Optimal Regularization Parameter
From L-Curve Criterion
[36] When using the space only covariance function, the
normal equation is formed every month separately and l2 is
estimated for each month. The L-curve criterion searches the
vertex (produced by the optimal l2) by seeking for the
maximum curvature (equation (27)) between the solution
and the residual norms. Additionally, the guidance value
from a priori l20 (see the second column of Table 4) is used to
assist the convergence of the solution (also improves the
computational-time efficiency). In the case of the space-time
covariance function, all nmonth monthly solutions (12 months
in 2005) were estimated simultaneously, and the design

Figure 3. Relative commission errors in the SCF and STCF-based cases.
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Table 3. Commission Errors (%) in Regional Gravity Solutions
Using the SCF-Based and STCF-Based Methods
Method

Minimum

Maximum

Average

SCF-based
STCF-based

2.56
1.95

12.38
12.08

6.86
5.85

matrix (A) and the covariance matrix (Cx) were formed as
follows
2

A1
6 0
6
A¼6
4 ⋮
0
2

0
A2
⋮
0

Cx11
6 C 21
6
Cx ¼ 6 x
4 ⋮
Cxnmonth 1

⋯
⋯
⋱
⋯

0
0
⋮

3
7
7
7;
5

Anmonth
Cx12
Cx22

⋯
⋯

⋮

⋱
⋯

Cxnmonth 2

3
Cx1nmonth
Cx2nmonth 7
7
7
5
⋮

ð39Þ

Cxnmonth nmonth

where A1 ; A1 ; …; Anmonth are sub-matrices in the design matrix
for each monthly solution, and Cx11 ; Cx12 ; …; Cxnmonth nmonth are
sub-matrices of the covariance matrix in the system (for
every solution). In theory, only one value of l2 is needed to
be estimated using the matrix structures of equation (39).
However, estimation of l2 involving a matrix of size over
36000  6000 in the numbers of rows and columns (in this
paper) is difficult due to the limitation of the computational
tool. Because the temporal correlation length of the STCF is
about 1 month (see Table 2 (bottom)), only the neighboring
months (one month before and one month after) will influence the solution. Therefore, we estimated the monthly
solution using data from 3 consecutive months neighboring
the given month, instead of the entire 12 months. The l2
value was also estimated using the matrices formed from the
information of such 3 months. The initial guess of l2 (l20) was
always the same (the STCF has only one variance) for all
monthly solutions. In this paper, the initial guess of l2 in the
case of the STCF is always 3.9093  104. The L-curve
criterion may result in several corners. Without the a priori
knowledge of l2, a wrong corner may be chosen. The estimated values of l2 using the L-curve criterion in the cases of
the SCF and STCF when x0 = 0 are shown in the third and
fourth columns of Table 4, respectively (see also Section
7.2). Use of the estimated l2 by the L-curve criterion can
also avoid using the direct variance of the a priori covariance
functions from Section 5. Misuse of a biased variance may
lead to signal distortion.
7.2. Effect of the A Priori Surface Mass Anomalies
in the Regional Gravity Solutions
[37] Here we investigate the impact of a priori knowledge
from GLDAS. In the monthly solutions, we treat the vector
x0 in the following two cases:
Case 1: x0 = 0, meaning no a priori surface mass anomalies
is used
Case 2: x0 contains a priori surface mass anomaly values
from GLDAS.
[38] The results from these two cases using the SCF are
shown in Figure 4. Figure 4 (bottom) shows no difference in
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the major pattern of surface mass anomalies from these two
cases. Here we define the major pattern as the pattern containing surface mass anomaly values larger than approximately 25 cm (bright color) or smaller than 25 cm (dark
color). In Case 2, the GLDAS values help to (1) retain the
major signal of surface mass anomalies in the Amazon and
(2) prevent signal leakage from/to the oceans. These two
advantages of Case 2 are clearly seen around the coastal
areas in most of the solutions, especially in January and
March 2005 (see Figure 4 (bottom)). However, use of Case 2
may lead to biased estimates of surface mass anomalies on
land. For example, anomalously large surface mass anomaly
values at around longitude of 75 W, and latitude 10 S are
seen in Case 2, and these signatures are not seen in the
GRACE-L2B results. Several other experiments were also
made to see the effect of GLDAS a priori surface mass
anomaly values. The results lead to the conclusion that we
should not use such a priori values in the regional GRACE
solution presented in this paper. To further stress this, we
computed the relative RMS difference of the grid values
between GRACE-L2B and GLDAS using equation (38),
resulting in 88.36%. This difference is large and suggests
that the GRACE and GLDAS gridded values are indeed
significantly different. Therefore, we recommend that we
should not use GLDAS values as a priori values in the
vector x0 for regional GRACE solutions.
[39] However, the distributions of surface mass anomalies
from Cases 1 and 2 are quite similar. The averaged surface
mass anomalies between GRACE and GLDAS are different
by about 35.60%. This suggests that the (normalized)
covariance function from GLDAS will not severely impact
our GRACE results since the distribution of the signal is
used instead of the raw (gridded) signal. However, we stress
that we still need the GLDAS values to construct the
covariance functions, which are used as light constraints in
the method of regional gravity solution in this paper.
7.3. Regional Gravity Solution and Comparison
[40] Our regional gravity solution is shown in this section.
While some of the results of using the empirical SCF are
already shown in Figure 4, the solutions using the empirical
STCF (12 months in 2005) will be shown in Figure 5a. For
Table 4. Optimal Regularization Parameters (in 104) in the
Months of 2005 Estimated Using L-Curve Criterion in Cases of
SCF and STCF
L-Curve

January
February
March
April
May
June
July
August
September
October
November
December
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A Priori

SCF

STCF

3.51
4.28
4.00
5.52
6.92
7.59
5.97
5.17
5.09
5.19
6.55
5.92

2.40
1.92
2.04
7.36
1.43
4.72
6.71
2.18
4.52
6.42
3.29
2.42

2.16
2.01
1.90
2.18
3.06
4.05
6.03
3.38
3.50
2.84
2.78
2.15
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Figure 4. SCF-based solutions in two cases: (top) x0 contains zero values and (middle) GLDAS values.
(bottom) Their differences.
comparison, Figures 5b and 5c show the solutions from
MASCON and GLDAS. The comparison among these three
(see more comparisons below) suggests that the STCF-based
solution contains more detailed and localized gravity signatures than the other two. The solutions reveal one advantage of the empirical STCF that the covariance function
assists the solution on gaining the signal and reducing the
error. For example, in May the surface mass anomalies from
our solution at longitude and latitude around (60 W, 0 S) is
enhanced while the error at around (50 W, 15 S) is reduced.
Note that the estimated signal at around (50 W, 15 S) may
contain errors because this signal does not exist in other
GRACE solutions (such as GRACE Level-2B and MASCON;
more information of these 2 solutions will be given in the
next paragraph).
[41] Moreover, the comparisons between the average surface mass anomalies from our solutions and other available

solutions such as GRACE Level-2B (L2B) and MASCON
are presented below. The GRACE-L2B product is processed
by JPL [Watkins and Yuan, 2007], and is provided in the
form of spherical harmonic coefficients to degree and order
120. Because the high frequency components of the products
are contaminated by errors, a proper filtering is basically
needed in the GRACE-L2B processing. In this study, we
destriped the solution using a P3M8 de-striping filter (P5M8
represents de-striping using polynomial degree 3 from
harmonic order 8 or higher) [Swenson and Wahr, 2006;
Tangdamrongsub et al., 2011] and smoothed the solution
using 300 km-radius Gaussian filter [Wahr et al., 1998]. To
correct the leakage effect, the method of Tangdamrongsub
et al. [2011] was applied. The second solution used to compare with our regional gravity solution is the MASCON
solution which provides the land data in the surface mass
anomaly (expressed as equivalent water thickness in cm)
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Figure 5. Surface mass anomalies derived from (a) STCF-based, (b) MASCON, and (c) GLDAS solutions over the Amazon in 2005.
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Figure 6. Time series of the average surface mass anomalies over a hydrologically active area (inset map)
from GLDAS, GRACE-L2B, MASCON and the SCF-based and STCF-based solutions.

format with 2  2 resolution over several continents
[Rowlands et al., 2005, 2010]. The MASCON solution is
derived from KBR measurements, with the satellites orbits
and accelerometer calibrated as in this paper. Available at
http://grace.gsfc.nasa.gov, the MASCON product is provided in the form of surface mass anomalies.
[42] Figure 6 shows the average surface mass anomalies
over a hydrologically active area in the Amazon study region
(see the map inset in Figure 6) computed from the SCF and
STCF-based solutions, GLDAS, GRACE-L2B (filtered),
and MASCON. The SCF and STCF-based solutions agree
better with the MASCON solution, in comparison to the
GRACE-L2B and GLDAS solutions. The relatively large differences between GRACE-L2B (after filtering) and MASCON
in April, September and October 2005 may be partly caused
by the filtering of the original GRACE-L2B solution. In fact,
the result of a post-processed global GRACE gravity solution
will depend on the correction models and filtering in the postprocessing. In other words, there is no unique method for an
optimal post-processing of GRACE-L2B products. This is
one potential drawback of the global GRACE solution. Because
MASCON is a regional gravity solution, as a further assessment
we computed the monthly differences between the SCFbased, STCF-based solutions and MASCON (Figure 7). The
STCF-based solution matches the MASCON solution to
about one cm, and the differences with MASCON are smaller
as compared to the SCF-based solution.

[43] To emphasize the advantage of using our covariance functions and the L-curve method, the effects of
ignoring covariance functions (and also the scale factor) in
equation (26) are discussed here. We experimented with
two cases as follows.
[44] Case 1: an identity matrix (Cx = I with no scale factor
applied) is used as an STCF.
[45] Case 2: the covariance function is ignored, or a zero
matrix is used as an STCF (Cx = 0).
[46] Figure 8 shows the power spectral density (PSD) of
surface mass anomalies over land based on 12 months of
solutions in 2005. For all solutions (except Cx = 0 case), the
power decreases with increasing frequency. By comparing
the results produced from our method (SCF-based, STCFbased, STCF-based when Cx = I (Case 1) and STCF-based
when Cx = 0 (Case 2)), the STCF-based solution performs
the best in maintaining the largest powers at lower frequencies compared to the SCF-based, Case1 and Case 2
solutions. The STCF-based solution is also able to suppress
noises at higher frequencies.
[47] The monthly solutions from Case 1 show significantly small amplitudes in surface mass anomalies, and are
evidently over-smoothed. On average, the PSDs from Case 1
are approximately 104 smaller than other solutions. By
employing the approaches given in Section 4 and 5, the
regularization process will prevent this over-smoothing
effect by damping the scale factor to the 104 level (see also
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Figure 7. Monthly averaged differences between the SCF-based and MASCON solutions, and between
the STCF-based and MASCON solutions.
Table 4). The solutions in Case 2 are contaminated by
noises: the noise increases dramatically after the frequency
of about 2  104 cycle/km, beyond which the gravity signal is overwhelmed by the noise by a factor of about 104.

Such solutions will require a further processing to reduce
noises.
[48] Additionally, the characteristics of the power spectra
from both SCF and STCF-based solutions are consistent

Figure 8. The PSD of surface mass anomalies in 2005 from various sources. The red dotted and red
dashed lines (scaled by 104 and 2.5  104) are the average PSDs from using an identity matrix (Cx = I)
and a zero matrix (Cx = 0) as a space time covariance function, respectively.
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with those from the MASCON, the JPL and the GLDAS
solutions. Both SCF and STCF-based solutions show
slightly larger amplitude at lower frequencies, and are
equally effective as other solutions in resolving surface mass
anomalies.
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provided that reliable covariance functions of sought-for
signals are available. Finally, we recommend that the alongtrack geopotential difference be included in the standard
products for GRACE, and for future missions such as the
GRACE follow-on mission, and the GRACE-II laser interferometry mission [Koop and Rummel, 2008].

8. Conclusions
[49] We propose an effective approach of regional gravity
solution from GRACE in situ data using an optimal regularization method and demonstrated the method over the
Amazon basin study region. The approach consists of
2 steps: (1) computing the geopotential differences and
(2) downward continuing them to the Earth’s surface mass
anomalies. In Step one, we began by reducing the error in
the accelerometer data. Then, we computed the geopotential
difference based on the primary measurements of GRACE,
i.e., KBRR. In Step two, we applied the regularization
method to mitigate the ill-conditioned problem. We have
also enhanced the spatial gravity resolution using both a
classical space-only covariance function and a new timevarying covariance function. Both covariance functions are
derived from a land hydrology model, i.e., the GLDAS
model.
[50] Our regularization method results in the optimal
gravity solution by balancing the contribution between the
solution norm and the residual norm of the target function
while avoiding the biases in the estimated gravity signals. For
a priori information, GLDAS-derived covariance functions
serve as the light constraints in the estimation process. With
the aid of the space-time covariance function, the relative
RMS error exceeds 12% in only 1 out of 12 solutions. On
average, our regional gravity solution matches the MASCON
solution to 1 cm RMS in EWH. By comparing the regional
solutions resulted from our method, the space-time covariance function aids to maintain the greatest power at lower
frequency components. In fact, it helps to not only gain
gravity signal strength and but also suppress estimation
errors.
[51] Improvement of the current gravity resolution from
GRACE is a continuing work in progress in the Earth science
community. Based on the fact our regional solutions over the
Amazon show more detailed gravity signatures than other
solutions, the covariance function-assisted approach can
potentially be successfully applied elsewhere in the world.
However, it is well known that the Amazon basin is among
the regions in the world with the largest observed GRACE
mass variation signals. Application of this technique in other
regions with relatively smaller mass change signals probably
requires further fine-tuning and to generate reliable covariance functions. It is also noted that long wavelength signals,
for example at planetary scales, are likely not constrained
well in all regional solution approaches. Thus this could be a
topic of future research. The temporal resolution can also be
enhanced by increasing the number of high-quality GRACE
observations. For example, the sampling interval used in this
paper is only one minute for both the GNV1B orbit and KBR
data; if the sampling interval decreases to 5 s, the resulting
temporal resolution can be improved. Our regional gravity
solution can be employed over land or ocean regions,

Appendix A: Estimation of the Accelerometer
Parameters
[52] In this appendix, we show the detail of estimating
accelerometer parameters in Section 2. Based on the method
of Kim [2000], the instrument errors of the GRACE accelerometer can be modeled by a bias (abias), a scale factor
(ascale) and a drift (adrift) as
raw
raw
acal
SRF ¼ aSRF  abias e3  ascale aSRF  adrift ðt  t0 Þe3

ðA1Þ

where e3 = (1 1 1)T, acal
SRF is the calibrated accelerometer
measurement and araw
is
the raw measurement directly from
SRF
the accelerometer. It turns out the calibration of the accelerometer measurement is critical to the regional gravity
solution, below we present a detailed procedure to estimate
the three calibration parameters. Multiplying equation (A1)
by the velocity vector and integrating the resulting equation leads to the calibrated dissipative energy (Ediss(cal)) as
EdissðcalÞ ¼ EdissðrawÞ  C1 abias  C2 ascale  C3 adrift

ðA2Þ

where the three calibration parameters are assumed to be
constants over t0 to t, and the coefficients C1 – C3 are the
integrations of the following inner products over t0 to t
8 9
8
9
e3
< C1 = Z t <
=
C2 ¼
araw
 r_ SRF dt
SRF
: ;
t0 : ðt  t Þe ;
C3
0 3

ðA3Þ

[53] In equation (2), we can assume that, with the calibrated Ediss, the in situ geopotential can be approximated
by a reference field, Uref, represented by the latest global
model such as GGM03S. In this way, we subtract Uref from
both sides of equation (2), replace Ediss by Ediss(cal) from
equation (A2) and set V  Uref = 0 to get the observation
equation for the three calibration parameters. All 4 parameters (3 accelerometer parameters and one equation constant) are estimated daily as follows
Vres þ e ¼ Ekin þ Erot  EdissðrawÞ  Uref
¼ C1 abias þ C2 ascale þ C3 adrift þ C0

ðA4Þ

where Vres is now called residual potential vector and e is the
noise vector of the accelerometer after calibration.

Appendix B: Derivation of the STCF’s Degree
Variance (cn(Dt))
[54] The degree variance cn(Dt) in equation (34) can be
obtained from the time-dependent spherical harmonic
expansion of surface mass anomalies as follows. First, a
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time-dependent function on the Earth can be expanded into a
series of spherical harmonics as
∞
X

f ðq; l; t Þ ¼

fn ðq; l; tÞ

n¼0
∞
X

¼

An

n¼0

n h
i
X
 nm ðtÞR
 C ðq; lÞ þ d Snm ðt ÞR
 S ðq; lÞ
dC
nm
nm
m¼0

ðB1Þ

C ¼ P
 nm ð cosqÞ cosml and R
S ¼ P
 nm ð cosqÞ sinml,
where R
nm
nm


and d C nm ðt Þ and dS nm ðt Þ are time-dependent harmonic
coefficients. Based on Heiskanen and Moritz [1967], the
degree variance cn(Dt) can be computed as
cn ðDt Þ ¼ M ½fn ðt Þfn ðt þ Dt Þ

ðB2Þ

where M is the averaging operator over the space domain
[Heiskanen and Moritz, 1967]. In this paper, the domain
of spatial averaging of M is the entire sphere and over all
azimuth. Inserting equation (B1) to equation (B2), the degree
variance at degree n is
1
cn ðDt Þ ¼
4p

A2n
l¼0 q¼0



"

Z2p Zp

!
n 

X
C
S




d C nm ðt ÞRnm þ d S nm ðt ÞRnm
m¼0

n 

X
 nm ðt þ Dt ÞR
 C þ d Snm ðt þ Dt ÞR
S
dC
nm
nm

!#
sinqdqdl

m¼0

ðB3Þ

Due to the orthogonality relation and the normalization of
spherical harmonics [Heiskanen and Moritz, 1967], the
expression of cn(Dt) in equation (B3) is reduced to
cn ðDtÞ ¼ A2n

n
X

 nm ðt Þd C
 nm ðt þ Dt Þ þ d Snm ðt Þd Snm ðt þ Dt Þ:
½d C

m¼0

ðB4Þ
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